We have applied the Usadel equations to thin-film multilayer superconductors, and have calculated the critical temperature for general thin-film S − S bilayer. We extended the bilayer calculation to general thin-film multilayers. The model demonstrates excellent fit with experimental data obtained from Ti-Al bilayers of varying thicknesses.
I. INTRODUCTION
There is increasing interest in proximity-coupled superconducting multilayers. This interest is fuelled by their various potential applications in the fields of transitionedge sensors (TESs) [1] , kinetic inductance detectors (KIDs) [2] , superconducting electronics [3-5], superconducting transmission line devices [6] , Josephson junctions [7, 8] , and SIS mixers [9] . In the field of TESs, multilayers have been studied to incorporate high conductivity normal metals, and to reproducibly control the transition temperature (T c ) [10] . In the field of KIDs, multilayers have been studied to achieve tuneable detection frequency thresholds, control over acoustic impedance matching, and protection of vulnerable materials through usage of self-passivating outer layers [11] [12] [13] [14] .
The superconducting properties of multilayers are governed by their individual layer material properties, geometries, and interface characteristics [15] . Calculations of the multilayer T c from these factors are of considerable value in reducing the time and effort spent on trialand-error fabrications. In many of the above-mentioned applications, it is important to reliably control the resultant multilayer T c so as to accommodate experimental needs (for example, bath temperature [12] ), and to reproducibly fabricate sensors [10] . In addition, such calculations allow the interface characteristics to be determined from the measured T c [16, 17] .
The Usadel equations are a set of diffusive-limit equations based on the Bardeen-Cooper-Schrieffer theory of superconductivity. In thick superconducting layers, diffusive-limit equations are applicable in the presence of impurities [18] . In thin, clean superconducting films, layer boundaries result in scattering and ensure the applicability of diffusive-limit equations [15] . The Usadel equations have been widely used to analyse the T c of multilayers [19] [20] [21] [22] . In particular, the work by Martinis et al.
[10] provides an analytic analysis of thin-film superconductor-normal conductor (S − N ) bilayers. The results have been integrated in the analysis and design routines of various multilayer devices, and demonstrate good predictive capabilities [23] [24] [25] [26] . More recently, the framework of analysis has been extended to N − S − N trilayers [27] .
The Usadel equations have also been numerically solved by Brammertz et al. [28] for superconductorsuperconductor (S − S ) bilayers. The results demonstrate good agreement with measured T c for Ta-Al and Nb-Al bilayers of various thickness combinations. Whilst a full numerical solution is the most accurate approach to solving the Usadel equations, it is computationally intensive and requires users to be able to implement efficient Usadel equations solvers.
Although the user-friendly results in [10] have proven to be extremely useful in the design of bilayer S − N devices, they cannot be applied to S − S bilayers studied in [29] [30] [31] and general higher-order multilayers studied in [14, 27, 32, 33] . In view of this, the aim of this paper is to extend the analysis framework of [10] to general thin-film multilayer systems.
In section II of this paper, we extend the analysis framework of [10] to general S − S bilayer systems. After this, we describe the extension of the bilayer S − S solution to general trilayer systems and multilayer systems. In section III, we present predictions and measurements of the T c of Ti-Al bilayer devices of various thickness combinations. The measured T c data demonstrate good agreement with theoretical predictions, thus giving assurance to the validity of our analysis scheme. We summarize this work in section IV.
II. THEORY A. Usadel equations and boundary conditions
The Usadel equations in one dimension are [15, [34] [35] [36] 
and
where θ(x, E) is a complex variable dependent on position x and energy E parametrising the superconducting properties, N S is the electron single spin density of states, arXiv:1805.10979v2 [cond-mat.supr-con] 4 Aug 2018 V 0,S is the superconductor interaction potential, ∆ is the superconductor order parameter, ω D,S is the Debye energy, T is the temperature of the multilayer, D S is the diffusivity constant, given by D S = σ S /(N S e 2 ) [10], e is the elementary charge, and finally σ S is the normal state conductivity, at T just above T c . Equation (2) is known as the self-consistency equation for order parameter ∆(x).
The boundary conditions (BCs) relevant to the Usadel equations are presented in [12, 37] . At the open interface of layer S, the BC is given by
At the S − S inner interface, the BCs are given by
where R B is the product of the boundary resistance between the S − S layers and its area.
B. Simplifications
Here we apply the same simplification scheme used in [10]:
1. At T just above T c , superconductivity is weak, and as a result |θ| 1.
2. The multilayer is thin such that θ varies slowly, and can be accounted by a second order polynomial expansion.
With these simplifications, the Usadel equations describing a thin multilayer at T just above T c become
where θ = ∂ 2 θ/∂x 2 . Equations (3,4) are unchanged. Equation (5) becomes
where θ = ∂θ/∂x. Using the Usadel equations and the boundary conditions, one can straightforwardly show that there is a single resulting T c across a thin-film multilayer: Appendix A. 
C. Bilayer Tc calculations
We refer to the geometry shown in figure 1. The interface gradients are given by
where the gradient is zero at the open boundaries due to equation (3). Formulae for θ S and θ S are given by rearrangement of equation (6). The BCs, equations (4, 5), give
Here we introduce a convenient physical constant
Equation (11) is used to express θ S , θ S in terms of ∆ S ,
Taking the imaginary parts
where
Substituting equations (15, 16) into equation (7), we have results of the form
which yields a single equation for T c that is readily solved numerically
Here A, B, A , B are functions of T c , and are given by
Practically, N S,S and ω D,S,S are obtained from collated material properties, and V 0,S,S is obtained from the BCS equation [38] 
where T c,S,S are the measured homogeneous critical temperatures of S and S layer materials. Using the above results for S − S bilayers, and setting the superconductor interaction potential of S layer V 0,S = 0, one can recover the results previously derived by Martinis et al.
[10] for S − N bilayers. This confirms our scheme of analysis for general S − S bilayers in the S − N limit. Analytical results for S − S bilayers can be obtained in the clean limit where the interface is perfectly transmissive, i.e. R B = 0. This result is presented in Appendix B.
D. Extension to trilayer and multilayer systems
In general, there are two types of trilayer systems: 1. The T c of middle layer is higher / lower than that of both side layers; 2. The T c of middle layer is between that of the side layers. For
where F L (d 0 , T c ) = 1 is the analogue of equation (21) In practice, the coupled pair of equations (27, 28) can be solved using a standard numerical solver. The virtue of the above analysis is that it can be straightforwardly extended to a general N-layer system where the maxima/minima of θ can be found in all middle layers. For a general N-layer system, there are N-2 middle layers and as a result N-1 equivalent bilayers. Denote d i as the extremal point of the i-th middle bilayer. There are thus N-1 unknowns (N-2 values of d i and T c ), and N-1 analogues of equation (21) . This system can also be solved using a standard numerical solver.
For the second case of a S − S − S trilayer without maximum/minimum in the middle layer, as shown in figure 3, we need to connect the left and right inner boundaries via
Using the same analysis method in section II C, θ above is substituted away using equation (6). Again noting that at the open boundaries, θ = 0, it can then be shown that
From the above set of equation, θ S,S ,S can be expressed in terms of ∆ S,S ,S through simple rearrangements. These can then be substituted into equation (7), linking ∆ S,S ,S with each other. After these manipulations, we now have three unknowns (∆ S , ∆ S , and ∆ S ) and three equations. Through some algebraic cancelling, a final equation of the form F tri (T c ) = 1, akin to equation (21), can again be obtained.
The same procedure can be employed for higher-order multilayer systems. For each additional middle layer S , five new unknowns are introduced (θ S , θ S ,L , θ S ,R , θ S and ∆ S ). These five unknowns are compensated by one more analogue of equation (6), one more geometry equation linking θ S ,L and θ S ,R , one more self-consistency equation linking θ S and ∆ S , and two more boundary conditions.
III. EXPERIMENTAL RESULTS

A. Fabrication Details
Films were deposited onto 50 mm diameter Si wafers by DC magnetron sputtering at a base pressure of 2 × 10 −10 Torr or below. Ti films were deposited at ambient temperature and Al films were deposited after substrate cooling to liquid nitrogen temperatures. Bilayer Ti-Al films were deposited without breaking vacuum. Titanium is deposited first for all bilayers studied. The wafers were diced into 13.5 × 7.5 mm samples and electrical contacts were made to the unpatterned films in a 4-wire geometry using Al wirebonds. The samples were attached to the cold stage of a dilution refrigerator and the temperature was monitored using a calibrated ruthenium oxide thermometer. Resistance measurements were made with an AC resistance bridge with bias currents of 3 or 30 µA. 
B. Tc Measurements
Values are taken from [40] .
Two sets of measurements were taken. The first set of measurements was performed in late 2017 for 7 Ti-Al bilayers with d Al ranging from 0 nm−125 nm. The second set of measurements was performed 6 months later for 4 Ti-Al bilayers with d Al ranging from 0 nm − 400 nm. d Ti is fixed at 100 nm for both sets of measurements. To account for slight variations in the sputtering system, we measure T c,Ti for each set of measurements. The value of T c,Ti from the second set of measurements is 7% higher than that from the first.
The R is the measured resistance, and R N is the normal state resistance just above T c . These bilayers display sharp superconducting state transitions, typically having transition widths ∆T ∼ 3 mK.
IV. CONCLUSIONS
In this paper, we have described a general analysis of thin-film multilayer T c , using the diffusive-limit Usadel equations. We performed a derivation of T c for a general thin-film S − S bilayer. We have described methods of extending this calculation to general thin-film trilayers and multilayers. Our model for S − S bilayer reduces to previous results in [10] when the T c of S layer is set to zero. Our model is easy to implement and computationally fast. We find a five order-of-magnitude reduction in T c calculation time compared to solving the full Usadel equations as presented in [12] . Our experimental measurements of Ti-Al bilayer T c demonstrate good agreement with predictions from our model, thereby enabling our analysis method to be incorporated in the design of superconducting multilayer devices. Work is currently being conducted to extract R B of multilayers with less transmissive boundaries using our model, and is proving successful.
introduce another convenient constant
Equation (11) is used to express θ S , θ S in terms of ∆ S , ∆ S θ S = i Im(θ S ) = θ S = i Im(θ S ) (B2)
Substituting the above equations into equation (7), we again have results of the form
We can simplify coefficients A, B, A , B immensely due to the simple 1/E dependence of Im(θ S ) and Im(θ S ).
We note that
where γ ≈ 0.57721 is the EulerMascheroni constant. The logarithmic approximation to the integral is valid in the regime that Θ D /(2T c ) 1. We define another convenient constant K = 
